Recent advances in optical microscopy, such as total internal reflection and confocal scanning laser techniques, now permit the direct three-dimensional tracking of large numbers of colloidal particles both near and far from interfaces. A novel application of this technology, currently being developed by one of the authors under the name of diffusing colloidal probe microscopy ͑DCPM͒, is to use colloidal particles as probes of the energetic characteristics of a surface. A major theoretical challenge in implementing DCPM is to obtain the potential energy of a single particle in the external field created by the surface, from the measured particle trajectories in a dense colloidal system. In this paper we develop an approach based on an inversion of density-functional theory ͑DFT͒, where we calculate the single-particle-surface potential from the experimentally measured equilibrium density profile in a nondilute colloidal fluid. The underlying DFT formulation is based on the recent work of Zhou and Ruckenstein ͓Zhou and Ruckenstein, J. Chem. Phys. 112, 8079 ͑2000͔͒. For model hard-sphere and Lennard-Jones systems, using Monte Carlo simulation to provide the "experimental" density profiles, we found that the inversion procedure reproduces the true particle-surface-potential energy to an accuracy within typical DCPM experimental limitations ͑ϳ0.1kT͒ at low to moderate colloidal densities. The choice of DFT closures also significantly affects the accuracy.
I. INTRODUCTION

A. Diffusing colloidal probe microscopy
Diffusing colloidal probe microscopy ͑DCPM͒ is an emerging surface analysis technique currently being developed by one of the authors. 1 In DCPM, an ensemble of freely diffusing colloidal particles are employed as ultrasensitive probes of a nearby surface. Total internal reflection 2 -and video 3 -based optical microscopy techniques, which combine the scattering of an evanescent wave with standard image capture and analysis algorithms, are used to monitor the three-dimensional Brownian excursions of the colloidal particles as they sample spatial positions over time. Confocal scanning laser microscopy 4 methods are also being developed to measure three-dimensional colloidal trajectories near surfaces. The particle trajectories may then be analyzed as time-averaged distribution functions using statistical mechanical interpretations to yield the relative potential energy of a single colloidal particle as a function of xyz position near the surface ͑the main goal of this paper͒. If the surface is known to be a chemically and physically uniform plane, only the surface normal direction z is important and the analysis is consequently simplified.
Because DCPM exploits colloidal Brownian motion as a natural gauge of potential-energy landscapes, it is inherently capable of measuring energies and forces 10 3 times weaker than the range accessible using "top down" methods employing external mechanical manipulation ͑i.e., scanning probes, optical tweezers͒. 2 Preliminary work 1 has successfully implemented DCPM to perform ensemble measurements in model synthetic systems, and the technique is currently being extended to measure specific equilibrium interactions between protein pairs covalently attached to metal nanoparticles and planar substrate surfaces.
B. Theoretical requirements
The main goal of this paper is to develop a theoretical approach that yields an accurate single-particle-surface potential based on information extracted from particle distribution functions measured using DCPM. Density-functional theory ͑DFT͒ is a logical choice for this purpose. One of the key expectations underlying DFT is a unique correspondence between a density profile and the underlying particle and surface pair potentials. 5 Thus, we expect that if we extract an equilibrium density profile ͑r͒ from the DCPM measured particle trajectories, we can invert it to obtain the colloidsurface potential ext ͑r͒ using the fundamentals of DFT. Subject to spatial and temporal sampling limitations, the DCPM technique indeed produces histograms 1 that may be normalized to produce density profiles. This paper focuses on the development of an inverse DFT approach that is ͑1͒ accurate to within the inherent experimental limitations of DCPM, typically on the order of 0.1kT, ͑2͒ fast enough to report a surface potential within minutes on a computer workstation, and ͑3͒ systematically adaptable to a range of different particle and surface types. 
C. Present work
The paper is organized as follows. Section II outlines the theoretical approach, including a brief review of the recent DFT formulation of Zhou and Ruckenstein. 6 Section III describes the model systems on which the inverse approach is tested and the Monte Carlo techniques used to generate simulated DCPM data. ͑Actual experimental data were not used in this paper but will be in future publications͒. Section IV contains the results and discussion, and Sec. V summarizes the conclusions.
II. THEORY
A. Forward analysis
In this subsection we provide a brief review of the traditional forward problem of DFT, i.e., the calculation of fluid structure based on a specified external field. Emphasis is given to the perturbative DFT formulation recently presented by Zhou and Ruckenstein. 6 The density profile of a singlecomponent fluid in an inhomogeneous environment is generally written as
where ͑r͒ is the density profile, b is the bulk density, ext ͑r͒ is the potential energy of the external field, ␤ =1/kT with k the Boltzmann constant and T the absolute temperature, C ͑1͒ ͑r ; ͓͔͒ is the first-order direct correlation function of the nonuniform fluid, and C 0 ͑1͒ ͑ b ͒ is the corresponding quantity in the bulk fluid. The essence of the forward DFT problem is to develop an estimate for C ͑1͒ ͑r ; ͓͔͒ based on the imposed ext ͑r͒ and b , so that ͑r͒ may be obtained via Eq. ͑1͒. We note that the external potential could arise from various sources, such as the presence of a surface or the application of a gravitational or electromagnetic field ͑or some combination thereof͒.
In the methodology of perturbative DFT, C ͑1͒ ͑r ; ͓͔͒ is expanded around the uniform system of bulk density as
where C 0 ͑n͒ ͑r , r 1 ,¯, r n−1 ; b ͒ is the n-order direct correlation function of a uniform fluid at bulk density b . Perturbative approaches usually focus on truncating this expansion at some reasonable order and evaluating the remaining direct correlation functions. 7 Recently Zhou and Ruckenstein 6 invoked the universality of the Helmholtz free-energy functional for systems with pairwise-additive interactions to show that Eq. ͑2͒ may be written much more concisely as
where the n ജ 3 terms are identified as the bridge function B of the fluid. ͑We note that the bridge function is the sum of the "elementary diagrams" in the integral equation theory literature. 8 ͒ Here B is written as a functional of a yet-to-bechosen structural correlation function ͑r͒; the functional relationship represents a closure in the sense of OrnsteinZernike ͑OZ͒ integral equation theory. Zhou and Ruckenstein 6 point out that a natural choice of ͑r͒ for confined fluids is the inhomogeneous analogue of the bulk indirect correlation function, ␥͑r͒ = ͐dr
With these choices, Eq. ͑1͒ becomes
is a novel formulation of DFT that predicts the density profile based purely on the bulk second-order direct correlation function and the choice of a closure relationship for the bridge function. Since the theory is perturbative, it requires no density weighting; unlike previous perturbative approaches, painstaking evaluation of higher-order correlation functions is not needed. The accuracy of the theory has been tested in several cases and found to be similar to that of the best previous DFT formulations. Zhou and Ruckenstein 6 initially examined single-component hardsphere fluids confined to several different geometries and with different surface potentials. The theory has since been tested on different model fluids ͑e.g., Lennard-Jones, 9, 10 Yukawa, 11 and penetrable spheres 12 ͒, mixtures, 9,13 and polymers 14 with a high degree of success.
B. Inverse analysis
Our goal in this investigation is the inverse of the usual goal of DFT calculations. We assume that we can measure the density profile ͑r͒ of a dense fluid ͑e.g., a colloidal dispersion͒ in an inhomogeneous environment ͑e.g., near a surface͒, and we would like to use this information to predict the potential energy of a single colloidal particle at different locations in that environment, ext ͑r͒. Algebraic inversion of Eq. ͑4͒ provides an equation for this purpose
Every quantity on the right-hand side of Eq. ͑5͒ may be considered an input. We assume that the density profile and bulk density will be measured in the experiment. We also assume that the bulk second-order direct correlation function C 0 ͑2͒ ͑r , r 1 ; b ͒ may be obtained "offline" from a separate consideration of the bulk fluid. For example, a video or confocal microscopy experiment could be done to directly measure the radial distribution function g͑r͒, and C 0 ͑2͒ ͑r , r 1 ; b ͒ would then be accessible as the only unknown in the bulk OZ equation. Alternatively, the pairwise potential of mean force between particles could be obtained from a combination of total internal reflection microscopy and first-principles calculation, 15 and the bulk OZ equation could be solved in an appropriate closure to yield C 0 ͑2͒ ͑r , r 1 ; b ͒. In either case, the unknown ext ͑r͒ may be obtained by the straightforward numerical operations shown in Eq. ͑5͒. An analogous inverse problem arises for homogeneous fluids, and we note its parallel with the current problem. For homogeneous fluids of particles ͑either atomistic or colloidal͒, one would often like to deduce the pairwise particleparticle interaction potential from the experimentally determined radial distribution function g͑r͒. 16 If we consider the inhomogenous potential ext ͑r͒ to be caused by a single fluid particle located at the origin so that ͑r͒ = b g͑r͒, then Eq. ͑5͒ reduces exactly to the diagrammatic modified hypernetted-chain ͑MHNC͒ formulation of the fluid structure inversion problem presented by Rosenfeld and Kahl. 16 In fact, Zhou and Ruckenstein 6 appeal to the concept of a single-particle inhomogeneity to derive Eq. ͑4͒. Since our mathematical formulation is analogous to that for structurepotential inversion problems in homogeneous fluids, we should be able to take advantage of techniques from that literature to improve the accuracy. 17 The inversion of Zhou and Ruckenstein's theory embodied in Eq. ͑5͒ is well suited to our needs. The integral equation formulation carries a low computational burden. We expect that the necessary bulk fluid direct correlation functions will be easily obtainable from the same type of imaging techniques that produce the density profiles. Increased accuracy may be achieved through systematic improvements in closures or the application of techniques from the structurepotential inversion literature.
C. Simulated experiments
As a first test of the theory, we used Monte Carlo ͑MC͒ simulation to produce the density profiles to be used as the "experimental" input. Canonical MC ͑Ref. 18͒ was used to produce a set of appropriate equilibrium particle configurations for analysis. In this paper, we restricted ourselves to particles near a chemically and physically uniform planar surface ͑see Sec. III below͒. For convenience in the simulations, we used a slit-pore type of geometry with two identical surfaces placed at z = 0 and z = L. The separation L was always large enough so that the density decayed to the bulk value in a plateau region around the center of the pore, so we essentially had two replicates of a single-surface study in each simulation. Periodic boundary conditions were used in the x and y directions. The number of particles was chosen to produce the correct bulk density in each case and ranged from 300 to 13 500. The number of production MC cycles was at least five million in each case. The density profiles were obtained with bins of width 0.05 in the z direction ͑the definition of is given in Sec. III A below͒.
The only external fields in this study are the surfaceparticle potentials arising from the presence of the model surfaces; no other types of field, such as gravitational or electromagnetic, were included. Gravitational effects 19 will be considered in future papers where experimental data are employed. ͑We further note that the effects of a gravitational field can be practically removed from experiments by density matching the particles and medium, so the present model systems are not unrealistic.͒
D. Procedure
Our general procedure for converting density profile information to a single-particle potential-energy function is outlined here. Specific models are described in the next section.
͑1͒ Choose a model fluid and a potential-energy function
ext ͑r͒ that represents the interaction of a single fluid particle with an external field. Choose a bulk density b and a temperature T for the fluid. ͑2͒ Generate a density profile ͑r͒ by canonical Monte
Carlo under the conditions chosen in step ͑1͒. ͑3͒ Use the method of Labik et al. 20 to solve the OZ equation with an appropriate closure ͑e.g., Percus-Yevick, hypernetted chain͒ and obtain the direct correlation function C 0 ͑2͒ ͑r ; b ͒ for the bulk model fluid. ͑4͒ Use the bulk density from step ͑1͒, the density profile from step ͑2͒, and the bulk direct correlation function from step ͑3͒ to calculate the inhomogeneous indirect correlation function ␥͑r͒ = ͐dr 1 ͑͑r 1 ͒ − b ͒ ϫC 0 ͑2͒ ͑r , r 1 ; b ͒. ͑5͒ Choose an appropriate functional relationship ͑closure͒ for the bridge function B͓␥͔ and evaluate the right-hand side of Eq. ͑5͒ to yield a prediction of the potential energy ext pred ͑r͒. ͑6͒ Compare ext pred ͑r͒ with the ext ͑r͒ imposed in step ͑1͒.
Note that we have two different places where a closure is used: in step ͑3͒ to obtain the direct correlation function for the homogenous fluid, and in step ͑5͒ to determine the bridge function for the inhomogeneous fluid. It is not necessary to choose the same closure for both steps. In the results, the choice for each step will be clearly noted.
III. MODEL SYSTEMS
A. Model fluids and surfaces
In this paper, the model fluid was always hard spheres of diameter . The external field was always created by a single planar surface, yielding inhomogeneity in the z direction only. Two different surface models were used. The first was a hard wall
and the second was a Lennard-Jones 9-3 surface ext ͑z͒ = ͓͑z 0 /z͒ 9 − ͑z 0 /z͒ 3 ͔, ͑7͒
where z 0 = 0.71 and / k B = 481 K. In all simulations reported here, T was chosen to be 100 K. These models and conditions were chosen to match systems previously studied by MC simulation and DFT.
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B. Closures
The three closures employed in this work have analytical expressions for B͓␥͔, as summarized by Zhou and Ruckenstein. 6 Percus -Yevick ͑PY͒: B͓␥͑r͔͒ = ln͑1 + ␥͑r͒͒ − ␥͑r͒, ͑8͒ Verlet modified ͑VM͒: B͓␥͑r͔͒ = − ␥͑r͒ 2 /2͑1 + 0.8␥͑r͒͒,
͑9͒
Hypernetted chain ͑HNC͒: B͓␥͑r͔͒ = 0. ͑10͒
IV. RESULTS AND DISCUSSION
For each model system, we initially solved the forward problem via Eq. ͑4͒ and compared the computed density profile with that obtained from our MC simulations ͑which were verified against previous simulation results in the literature 21 ͒. This was done for all different combinations of the PY, VM, and HNC closures.
Figures 1͑a͒-1͑c͒ show some results for the hard surface model at reduced densities b 3 of 0.319, 0.5745, and 0.813. As described in Sec. II D, the first closure listed was used to obtain the bulk fluid direct correlation function C 0 ͑2͒ from the OZ equation and the second closure determined the form of the functional B͓␥͔ in Eq. ͑4͒. The three closure combinations shown in Fig. 1 were generally the best out of the many different ones tried. There are several trends evident from Fig. 1 . The overall accuracy of the DFT predictions declines as the bulk particle density increases, and the most significant discrepancy with MC is typically seen at the point of particle-surface contact ͑z = 0.5͒. The VM+ HNC and PY + HNC results are quite similar and both tend to overpredict the density value at contact. The PY+ VM closure is the best at contact but is not always superior in predicting the structure of secondary layers. Figure 2 shows some results for the Lennard-Jones 9-3 surface at b 3 = 0.3. For this model system, PY+ VM underpredicts the height of the first peak while PY+ HNC overpredicts it, and VM+ HNC is very good throughout the entire range of z. Overall, these results are consistent with previous findings on bulk liquids in that the PY closure is most accurate for systems that are purely repulsive. 8, 22 Next, we applied the inverse analysis as described in Sec. II D to the same systems just considered in Figs. 1͑a͒-1͑c͒ and 2, using the Monte Carlo data as experimental input. Figures 3͑a͒-3͑c͒ tween the forward and inverse calculations. The overall accuracy of the inversion process declines as the bulk density increases, and the worst results are typically seen near contact. At the lowest bulk density the maximum error is only 0.1kT, but at the highest bulk density the maximum error exceeds 0.5kT in all cases. The PY+ VM closure is indeed the best near contact but predicts a deep ͑ϳ0.7kT͒ local minimum near z / = 1 at the highest bulk density. Figure 4 shows the inversion results for the LennardJones 9-3 surface. The VM+ HNC and PY+ HNC results were nearly identical and quite good, with overpredictions of no more than 0.1kT along the attractive well. The PY+ VM closure underpredicted the potential in this range by a slightly worse margin.
V. CONCLUSIONS
The recent DFT formulation of Zhou and Ruckenstein was used in an inverse mode to make predictions of particlesurface potentials from density profile information; we expect that such a process will be useful in the interpretation of optical microscopy measurements of colloidal distribution functions near surfaces. The accuracy of the predicted potential depended on the bulk particle density and the choice of DFT closure relationships. Results from hard sphere and hard surface models demonstrated that the PY+ VM combination of closures would produce acceptable results ͑Ͻ0.1kT maximum deviation from true potential͒ at bulk densities b 3 Ͻ 0.3 ͑about 1 / 3 of the density at the onset of the bulk freezing transition͒. Results from hard-sphere and LennardJones surface models indicated that HNC-based closures will produce similar accuracy for attractive continuous potentials. Future work will focus on further study of the performance of closures, especially at higher bulk density, use of repulsive and attractive DLVO potentials, and application to actual experimental density profile data.
